Let B n (t) be the nth Bernoulli polynomial. We show that B p?1 (a=q) ? B p?1 q(U p ? 1)=2p (mod p), where U n is a certain linear recurrence of order q=2] which depends only on a; q and the least positive residue of p (mod q). This can be re-written as a sum of linear recurrence sequences of order (q)=2, and so we can recover the classical results where (q) 2
Introduction.
It has long been known that the nth Bernoulli polynomial B n (t) , where B n (t) = 
B n (1) = B n (0) = B n ; for n 6 = 1 B n 1 2 = (2 1?n ? 1)B n ;
and for all even n 2, Before stating our main result, which is of a somewhat technical nature, let's discuss the next class of examples after (3). The two important things to note about (3) are that, (i): We've evaluated B p?1 ( a q ) ? B p?1 (mod p) where (q) = 1 or 2 ( is Euler's totient function); (ii): Each of the terms of the right hand side, like 2 p , 3 p , are numbers taken from a rst-order linear recurrence sequence (u n+1 = 2u n and u n+1 = 3u n respectively). This is the viewpoint we need to generalize. We shall show, for q > 2, that B p?1 ( a q )?B p?1 (mod p) is congruent to a sum of multiples of terms, each of which are numbers taken from a kth-order linear recurrence sequence with k (q)=2:
Thus the next class of examples are those q for which (q) = 4, namely q = 5; 8; 10; 12.
We shall show that, for 1 a q ? 1 with (a; q) = 1 (there being four such integers a), Analogous results can be given for generalized Bernoulli numbers (for Dirichlet characters) since they may be expressed in terms of values of Bernoulli polynomials. It is perhaps more obvious that there should be simple expressions for these since they can be described in terms of p-adic L-functions which, in turn, can be written in a number of elegant ways. The case of quadratic characters has been examined in KS] and W2], and here we give a somewhat di erent proof of a result proved there:
Suppose that q is a prime 1 (mod 4). Let h q and " q be the class number and fundamental unit, respectively, of the real quadratic eld Q( p q). The organization of the paper is as follows: In the next section we shall develop basic identities and results about Bernoulli polynomials that we shall require in our proofs. In section 2 we shall see how the values of Bernoulli polynomials can be expressed in terms of certain functions of roots of unity. This leads to the proof of a number of the cases mentioned in the introduction; though, because of the computations needed, we give the complete proof of the Theorem in section 4, and the complete proof of (4) in section 5. In section 3 we develop the analogous formulae for those generalized Bernoulli numbers with quadratic characters, which leads to (9) above.
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The (regular) theory of Bernoulli polynomials.
The nth Bernoulli number B n is de ned by the power series B n (t + 1) ? B n (t) = nt n?1 for all n 1 as is easily deduced from (1.2). From (1.4) we notice that B n (1) = B n (0) = B n for all n 6 = 1, and that it is \easy" to deduce the value of B n (t) for any real number t, once we understand the value of B n (t) for t in the interval 0; 1).
It is thus of interest to determine B n (t) for`special' values of t in 0; 1), for instance those rational t with small denominator. We already have B n (0) = B n (1) = B n for n 6 = 1; are the only rationals with small denominators for which such \straightforward" values of B n (t) are known, with 0 < t < 1. It has, however, been recently observed AM] that B n (t)?B n shares one surprising property with polynomials which have integer coe cients: namely that q n (B n (a=q) ? B n ) is an integer whenever a and q are non-zero integers.
One of the most important, and elegant, applications of these valuations is to the study of Bernoulli polynomials modulo p for p prime. 3. Generalized Bernoulli numbers. As an example we'll consider , the real non-principal character (mod q); that is (a) = a q , the Legendre symbol. We will need q to be 1 (mod 4) to ensure that is an even character. ). It would be possible to obtain the congruence for q = 10 in a similar way. However, by taking q = 2 and a = 1=5 and a = 3=5 in (1.6) we get the identities 
